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Abstract—In this paper, a modification of the antenna theory
(AT) model of the lightning return stroke to include inductive loading is presented. The distributed inductive energy-storing elements
are used in the modified AT model (designated as ATIL model,
where IL stands for inductive loading) to control the propagation speed of the upward traveling current wave without using
an artificial, higher permittivity dielectric medium, as done in the
original AT model. The variation of the propagation speed along
the channel is also considered in the proposed model. As in the
original AT model, resistive loading is used to account for the current attenuation with height. Numerical solution of the electric
field integral equation in the time domain using the method of moments with appropriate boundary conditions yields a time–space
distribution of current along the lightning channel. This current
distribution and the resultant electromagnetic fields for the ATIL
model are compared with those predicted by other time-domain
and frequency-domain electromagnetic models. The current distribution predicted by the ATIL model exhibits features (such as
current dispersion) that are more consistent with optical observations of lightning compared to the predictions of the original AT
model.
Index Terms—Antenna theory (AT), current distribution, electric and magnetic fields, inductive loading, lightning return stroke
modeling.

I. INTRODUCTION
ODELING of the lightning return stroke typically involves a description of the time and height variations of
the current wave along the channel, which is needed for calculation of resultant electromagnetic fields. Reviews and comparisons of the most common models can be found in [1]–[5].
The so-called engineering models, such as the transmission line
(TL), modified transmission line exponential (MTLE), modified transmission line linear (MTLL), traveling current source
(TCS), and Diendorfer–Uman (DU) models relate current distribution at a given height along the lightning channel to the
current at the channel base [4]. Outputs of an adequate model
should be consistent with the observed characteristics of the return stroke such as the variation of light intensity with height
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(which probably reflects variations in the intensity of the current
wave along the channel), propagation speed of the luminosity
front (often used as a proxy for the current wave front), and
electromagnetic fields at different distances from the channel.
Most of the commonly used models assume a constant current
propagation speed, although it is known that the return-stroke
speed varies with height along the lightning channel [6]. For
example, Idone and Orville [7] observed a decrease of the optical wave front propagation speed with height for both first
and subsequent strokes. Borovski [8] presented an electromagnetic model of the return stroke (and leader) in which the wave
propagation speed is a function of physical characteristics (radius and temperature) of the channel and also of the risetime of
the current waveform at the channel base. Baum [9] and Baum
and Baker [10] developed a distributed circuit model in which
the return-stroke speed is determined by dynamics of channel corona sheath. Wang et al. [11], using a high-speed digital
optical measurement system, examined the propagation characteristics of leaders and return strokes in the triggered lightning
from experiments conducted at Camp Blanding, Florida. Their
resultant return-stroke speed profiles within 400 m height above
ground showed dependency of the speed on height, although it
might be due, at least in part, to different propagation conditions
along the metal-vapor-contaminated and natural channel sections. Some of the models, such as the modified DU (MDU) [3],
variable discharge time constant (VDTC) [2], and the model of
Podgorski and Landt [12], considered variation of the propagation speed with height. Further discussion of the return-stroke
speed as a function of height is found in a recent review by
Rakov [6].
Studying the propagation speed is also important from the
point of view of comparing radiated electromagnetic fields predicted by models with field measurements. The effect of returnstroke speed on the radiated electromagnetic field waveforms
has been studied by Rakov and Dulzon [13] and Rubinstein
and Uman [14]. Tottappillil and Uman [2] showed that taking
into account the variable propagation speed resulted in a better overall agreement of calculated and measured electric field
waveforms.
The antenna theory (AT) model [15], [16] belongs to the category of electromagnetic models, and represents the lightning
channel as a lossy monopole antenna above a perfectly conducting ground. The spatial and temporal distribution of current
along the antenna was determined by solving the electric field
integral equation (EFIE) using the method of moments (MoMs)
in the time domain [15]–[18]. A constant, lower than the speed
of light propagation speed was achieved by setting the relative
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permittivity εr of the surrounding medium to a value greater
than that of free space. In order to set the propagation speed at
1.3 × 108 m/s in this model, one should use εr equal to 5.3. An
increase of εr serves to increase the capacitance of the channel,
while the inductance remains constant, and therefore, simulates the radial corona sheath surrounding the lightning channel
core [16]. It is important to note that the assumption of εr > 1
was only used to find the current distribution along the channel,
which was then allowed to radiate into free space with εr = 1
[17]. However, even the current distribution along the channel
can be potentially influenced to some (presumably small) extent
by the unrealistic assumption εr > 1.
In the model presented in this paper, in order to control the
return-stroke speed, inductive energy-storing elements are included in the antenna representation of the lightning channel.
The use of energy-storing elements in the antenna and TL studies has been previously described in a number of works. The
induction phenomenon in solving electrical circuits using the
time-domain EFIE was studied by Bost et al. [19]. Guedira [20]
applied local inductive and capacitive loads to the feeding point
of a dipole antenna and determined resultant antenna currents.
The additional distributed capacitance has been used to describe
the effect of corona on TLs [21]. Applying shunt distributed
capacitive loads, representing the radial corona sheath, to an
antenna introduces some difficulties, as discussed by BonyadiRam et al. [22]. One difficulty is related to the fact that distributed shunt capacitors require a return conductor parallel to
the antenna, which turns the monopole antenna to an TL. Since
the phase velocity is a function of the product of the inductance
and capacitance (each per unit length), appropriately selected
series distributed inductance can be used, instead of distributed
shunt capacitance, to simulate the corona effect on the propagation speed [23]. Such an approach was previously used by
Baba and Ishii [24] in their frequency-domain electromagnetic
model.
In this paper, a modification is made in the original AT
model [16] to include inductive loading of the channel in order to avoid the unrealistic assumption of higher permittivity
of the surrounding medium. The variation in the propagation
speed of the upward traveling current wave along the channel
is also considered. Current distributions along the channel and
the associated radiated electromagnetic fields for the new model
are discussed and compared with those predicted by other timedomain and frequency-domain electromagnetic models. Besides
the more realistic speed profile, dispersion of the channel current
is better reproduced in the new model. The proposed model is a
step forward to finding a method to reduce the speed of current
waves propagating on a vertical conductor in air, such that the
evolution of wave shape is consistent with optical observations
of lightning.
II. THEORY
The general electromagnetic formulation used in this paper
is similar to that given in [16] and [17]. In the AT model with
inductive loading (ATIL model), a set of distributed inductive
loads is additionally applied to the simulated lightning channel.
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For resistive–inductive loading, the voltage on the loaded element v(sL , t), can be related to the current on it, i(sL , t), using
the relation
v(sL , t) = Ri(sL , t) + L(sL )

∂i(sL , t)
∂t

(1)

where L(sL ) and R are the height-dependent inductance and
height-independent resistance located in the element denoted
by sL . Lightning channel and its image were discretized, appropriate boundary condition on the tangential electric field component was applied to each segment, and the resultant matrix-form
equation is numerically solved according to the method introduced by Miller [25] and previously used in [16]. In order to
avoid numerical instabilities, time ∆t and space ∆R, discretization intervals are selected so that c∆t ≤ ∆R, where c is the
speed of light [25]. The solution of this equation is presented
in the form of a spatial-temporal current distribution along the
antenna. It should be noted that the formulation used in [16]
and [18] and also the modification employed here are general in
that there is no limitation on the shape of the channel. Here, in order to facilitate comparison with the simulation results obtained
using the original AT model, only a straight vertical channel
above a perfectly conducting ground is considered.
III. RELATION BETWEEN SPEED AND INDUCTIVE
LOADING IN THE ATIL MODEL
An unloaded horizontal, perfectly conducting wire above perfectly conducting ground behaves as a lossless uniform TL, and
propagation speed along
the wire is constant and equal to the
√
speed of lightc = 1/ L0 C0 , where L0 and C0 are per unit length
inductance and capacitance, respectively. Strictly speaking, this
speed is not applicable to a vertical monopole antenna, and its
image because the per unit length capacitance and inductance of
such an antenna vary with height. As a result, the equivalent TL
is nonuniform and the propagation speed is slightly lower than
the speed of light. Further, in the case of lightning, the speed
is reduced (typically by a factor of two or three) relative to the
speed of light due to the presence of corona sheath and transformation of the leader channel to the return-stroke channel. Also,
as noted above, the optically observed speed decreases with
increasing height (we do not consider here the nonmonotonic
variation of speed with height reported by Olsen et al. [26]).
The bottom line here is that considering the lightning channel
as a vertical wire above ground with its intrinsic capacitance
and inductance per unit length does not allow one to reproduce
observed lightning return-stroke speed profiles.
If we introduce an additional, height-variable distributed inductance along the antenna without any resistive loading, the
resultant height-variable propagation speed along the simulated
lightning channel will be given by
υ(z) = 

1
L (z)C0 (z)

=

1
(L0 (z) + Ladd (z))C0 (z)

(2)

where Ladd (z) is the additional height-dependent distributed inductance per unit length. As a result, for a specified
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height-variable speed v(z), Ladd (z) is given by
Ladd (z) =

1
υ 2 (z)C0 (z)

− L0 (z).

(3)

The capacitance C0 (in farads per meter) and inductance L0
(in henrys per meter) per unit length for a cylindrical metallic
wire of radius a can be estimated using the following equations
given by Bazelyan et al. [27] and Kodali et al. [28] (see also [33])
2πε0
(4)
ln (2z/a)
µ0
L0 (z) =
ln (2z/a)
(5)
2π
where z is the height above ground. Applicability of these equations, derived for a horizontal wire above ground, to a vertical
conductor is discussed by Kodali et al. [28]. Considering typical
speed profiles for lightning shows that the values of intrinsic capacitance and inductance of an ideal cylindrical antenna above
a perfectly conducting ground given by (4) and (5) cannot yield
the variation of speed as specified by (2), and hence, an additional height-variable reactive element is needed to simulate
such a speed profile. Note that additional distributed inductance
along the channel has no physical meaning and is invoked only
to reduce the speed of current wave to a value lower than the
speed of light.
In the following, we will consider two types of inductive
loading: fixed (uniform) and height varying (nonuniform). In
the ATIL model with fixed inductive loading (ATIL-F), additional inductance per unit length was selected (by trial and error) so that to obtain a specified average speed. It turned out that
fixed loading results in an almost uniform speed profile, as discussed in Section IV-B3 given later. For example, Ladd = 8.0 ×
10−6 H/m results in υ = 1.3 × 108 m/s. Interestingly, this value
of Ladd is approximately equal to Ladd that is computed from
(3) using constant values C0 and L0 evaluated at a = 0.02 m and
z = 3500 m from (4) and (5), respectively. Note that the values
of C0 and L0 at z = 3500 m are applied to the entire channel.
This is a commonly used simplification [28] based on the fact
that the dependencies of C0 and L0 on z are weak (logarithmic).
In the ATIL model with variable inductive loading (ATIL-V),
a speed profile was chosen to achieve acceptable consistency
with the published optical measurements. Optical observations
are mainly limited to the visible part of the channel, usually
extending from ground to a height of 1–3 km. The return-stroke
speed typically decreases by 25% or more over the visible part
of the channel with respect to the speed at the bottom of the
channel [7]. In this paper, we use an exponentially decaying
speed profile υ(z) that is described by the equation
C0 (z) =

−

z

υ(z) = υh − (υh − υ0 ) e λ

(6)

where λ is the decay height constant, υ0 is the propagation speed
at the channel base (at ground level), and the final speed at the
upper end of the channel (at z = h) asymptotically approaches
υh . Tottappillil and Uman [2] have used a similar relation in
the MDU model in which υh = 0, i.e., the speed tends to zero
at larger altitudes. The use of a nonzero value of υh gives us
more control of the propagation speed profile, especially in the

Fig. 1. Propagation speed as a function of height for the ATIL-V model obtained using (6) with λ = 450 m, υ 0 = 1.6 × 108 m/s, and υ h = 0.9 × 108 m/s.

Fig. 2. Additional distributed inductance per unit length L a d d , as a function
of height for the ATIL-V [computed using (3)] and ATIL-F (determined by trial
and error) models. The speed profile for the ATIL-V model is shown in Fig. 1,
and the speed for the ATIL-F is 1.3 × 108 m/s. Also shown is the intrinsic
inductance of the monopole antenna computed using (5) L 0 , as a function of
height.

upper part of the channel. Optical observations have shown that
the propagation speed near the bottom of the channel varies
between c/2 and c/3 [9] and decreases with height. In this paper,
we computed a speed profile along a 3.5 km lightning returnstroke channel using (6) with λ = 450 m, υ0 = 1.6 × 108 m/s,
and υh = 0.9 × 108 m/s. This profile is shown in Fig. 1. Note
that, at z = 3.5 km, υ = 0.9 × 108 m/s, which is essentially
equal to the assumed value of υh . It should be noted that there
is essentially no limitation on the length of analyzed channel.
Longer lightning channels could be analyzed if the information
on speed profile were available.
In time-domain methods, the length of analyzed channel is
limited by duration of analysis. We selected the analysis duration
such that the traveling wave will never hit the top of the channel.
This is a widely used approach in lightning research [4].
The corresponding additional distributed inductance as a
function of height, calculated using (3), is depicted in Fig. 2.
The L0 (z) and Ladd (z) profiles for the ATIL-F model with
υ = 1.3 × 108 m/s are also shown in Fig. 2 for comparison.
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Fig. 3. Channel base current waveform used for the comparison of the AT [16]
and ATIL models.

IV. COMPARISON OF THE ATIL MODEL WITH
PREVIOUS ELECTROMAGNETIC MODELS
A. Frequency-Domain Model of Baba and Ishii [24]
In this section, we compare predictions of the ATIL-F model
with those of the model proposed by Baba and Ishii [24], who
applied a set of uniform distributed inductive and resistive loads
to the wire representing the lightning channel. The loaded channel was then used in a frequency-domain electromagnetic model
employing a numerical electromagnetic code (NEC-2). The resultant current distribution along the channel and associated
electric fields were presented. The uniform inductive loading in
the model of Baba and Ishii resulted in an essentially constant
propagation speed along the channel. This is why we compared their results with prediction of the ATIL-F (essentially
constant speed) model. We considered both the current profiles
and radiated electric fields, although detailed results (computed
waveforms) are not presented here. The current distributions
predicted by the two models (for the same channel geometry
and excitation) are in fairly good agreement in terms of main
features of current waveforms. Electric field waveforms at 5
and 100 km for the two models were in fairly good agreement,
but appreciable differences (although within the range of variation of measured waveforms) were seen in the model-predicted
electric fields at 50 m. The ATIL-V model can be viewed as
a generalization of Baba and Ishii’s model to reproduce any
return-stroke speed profile.
B. Time-Domain Model of Moini et al. [16]
In this section, we compare the ATIL-F and ATIL-V models
with the AT model presented by Moini et al. [16]. We consider
a lightning channel with a height of 3.5 km and radius of 0.02 m
above a perfectly conducting ground. The current at the channel
base is the same as that used in [16] and shown in Fig. 3. The
inductance per unit length for the ATIL-F model is set to Ladd =
8.0 × 10−6 H/m. Distributed resistance of the channel for the
ATIL-F model is 0.5 Ω/m, considerably larger than 0.07 Ω/m
in the AT model. For the AT model, εr is set to 5.3, while
for both versions of the ATIL model, εr = 1. For the ATIL-V
model, we used the profile of the distributed inductance shown in
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Fig. 2, and distributed resistance was set to 0.45 Ω/m. The reason
for using different values of distributed resistance in the AT
(0.07 Ω/m), ATIL-F (0.5 Ω/m), and ATIL-V (0.45 Ω/m) models
will be discussed in the next section. The length of each channel
segment was 10 m for all three models.
1) Current Profiles: Fig. 4(a)–(c) illustrates the current distribution along the channel for the AT, ATIL-F, and ATIL-V
models. There are appreciable differences between the AT and
ATIL-F models in terms of the general shape of current waveforms. The effect of height-variable speed can also be observed
in the current distribution for the ATIL-V model. Both versions
of the ATIL model predict more pronounced current dispersion
(will be further discussed in Section IV-B2) than the AT model.
The current dispersion (an increase in current pulse risetime
with height) can also be observed in the current distribution
predicted by the model of Baba and Ishii [24]. Different values of distributed resistance have been used in the published
time-domain and frequency-domain models [4]. In this paper,
in order to facilitate comparison with AT-model results, we assumed the same attenuation rate for all models, which required
larger distributed resistances in the ATIL models, compared to
the AT model. This additional distributed resistance in the ATIL
models can be described using the TL theory. The square of
attenuation factor for a TL is given by the formula
α2 = Re [(R + jωL) (G + jωC)]

(7)

where R, L, G, and C are per unit length resistance, inductance,
conductance, and capacitance
of the TL, respectively, ω is the
√
angular frequency, j = −1, and “Re” stands for the real part
of a complex quantity. This equation can be rewritten in the
form


α2 = Re (RG + jRCω + jLGω − LCω 2 ) = RG − LCω 2
(8)
or
α=


RG − LCω 2 .

(9)

Equation (9) shows that the attenuation factor decreases with
increasing L, and hence, in order to have a constant α, R should
be increased.
In the AT model, the current attenuation in the lower sections
of the channel is more pronounced than for both versions of the
ATIL model. In other words, the attenuation is reduced in the
presence of inductive loads, although the distributed resistance
for both versions of the ATIL model is greater than that for the
AT model. As can be seen in Fig. 2, the ATIL-V model employs
smaller values of inductance in the lower sections of the channel
than the ATIL-F model does, and hence, more attenuation is
observed for the ATIL-V model. Both versions of the ATIL
model predict more or less similar attenuation in the higher
sections of the channel due to similar amounts of inductive and
resistive loading.
2) Current Dispersion: It is clear that the ATIL-F and
ATIL-V models [see Fig. 4(b) and (c)] predict considerably
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Fig. 4. Current distributions along the channel. (a) AT model. (b) ATIL-F
model. (c) ATIL-V model. Shown are current versus time waveforms at the
channel base and at heights of 500 m, 1 km, 1.5 km, 2 km, and 2.5 km above
ground.

larger current dispersion than the AT model does [see Fig. 4(a)].
This larger dispersion is in agreement with optical observations
of Jordan and Uman [29] and Wang et al. [11]. The observed
current dispersion in the inductively loaded channel can be explained using the TL theory. The upward traveling current wave
in the channel can be decomposed into two components [30].
1) Antenna-mode current, which is governed by the scattering theory. The propagation speed of this component is
equal to the electromagnetic wave propagation speed υ, in
the surrounding medium, which is the speed of light when
εr = 1.

2) TL-mode current, which is governed by the TL theory and
propagates at an adjusted speed υ(z).
The propagation speed of each of the two current components
is a function of εr . The AT model yields a full wave solution for
the current distribution along the metallic structure including
both the TL-mode and antenna-mode currents [4]. The resultant current-wave propagation speed is a function of relative
permittivity of the medium. Adding distributed inductive loads
as the circuit elements to the discretized EFIE dramatically affects the propagation speed of the TL-mode current because the
current passes through loaded segments. On the other hand,
the antenna-mode component of the current is independent
of the circuit elements because loaded segments do not play
dominant role in the electromagnetic coupling between the segments. Different propagation speeds for the two current components result in noticeable current dispersion along the channel,
which increases with height. Additional discussion of current
dispersion is found in Appendix A.
3) Speed Profile: In this section, the variation of returnstroke speed along the channel predicted by the AT, ATIL-F,
and ATIL-V models is presented. The choice of tracking point
will affect the model-predicted speed, since the shape of current (or luminosity) waveform changes with height. Olsen et al.
[26] obtained different speed values tracking different reference
points, including 10%, 20%, 90%, and 100% of peak, as well
as the maximum rate of rise of the return-stroke luminosity
pulse. The point of initial deflection from zero level is usually
masked by noise, and hence, difficult to identify in optical measurements. We have chosen 10%, 20%, and 100% of peak, and
the maximum time derivative of current waveform (the latter
corresponds to the time at witch the current waveform reaches
its maximum rate of rise, di/dt) as reference points. Speed υk
in segment k is calculated at the center of the segment by dividing the vertical distance between adjacent viewed heights
hk − hk −1 , by the tracked time interval tk − tk −1 . The resultant speed profiles for the AT, ATIL-F, and ATIL-V models are
shown in Fig. 5(a)–(c). In order to facilitate direct comparison,
the “theoretical” speed profiles [given by (6) for the ATIL-V
model or constant value equal to 1.3 × 108 m/s for the AT and
ATIL-F models] are also shown in this figure. The current peak
and di/dt peak speed profiles at heights greater than some hundreds of meters above ground are fairly similar to the theoretical
profiles for the AT and the ATIL-V models. The estimated speed
at lower sections of the channel is noticeably greater than the
theoretical speed. This may be due to significant changes in
current wave shape in the lower sections of the channel [for
example, compare current wave shapes at the channel base and
at a height of 500 m above ground in Fig. 4(a)]. Propagation
speeds for the AT and ATIL-F, as expected, are almost constant
over the entire channel length considered. The difference between speeds obtained from the four estimated profiles (current
peak, peak of di/dt, 10%, and 20% of the peak) for the AT model
is less than those predicted by the ATIL-F and the ATIL-V models. This is because of lower current dispersion predicted by the
AT model. It can also be observed that tracking a lower percentage of peak results in a higher propagation speed, which is in
agreement with optical data reported in [26]. It is also observed
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Fig. 6. Vertical component of electric field for the AT, ATIL-F and ATIL-V
models calculated (a) r = 500 m, (b) r = 5 km, and (c) r = 100 km from the
lightning channel whose parameters are given in Section IV-B.

Fig. 5. Return-stroke speed profiles for (a) the AT, (b) ATIL-F, and (c) ATIL-V
models obtained using different reference points on the current waveform, peak,
10% of peak, 20% of peak on the wave front, and peak of di/dt. “Theoretical”
speed profiles, υ = 1.3 × 108 m/s = constant, for the AT and ATIL-F models
and the curve shown in Fig. 1 for the ATIL-V, are also shown.

that both versions of the ATIL model predict propagation speeds
that appear to be nearly equal to the speed of light if the point
of initial deflection from zero level is tracked, while in the AT
model, the propagation speed remains near 1.3 × 108 m/s. This
difference is expected, since in both versions of the ATIL model,
the antenna-mode current propagates at the speed of light,
while in the AT model, it propagates at υ = 1.3 × 108 m/s (see
Appendix A).

4) Electromagnetic Fields: Fig. 6(a)–(c) and Fig. 7(a)–(c)
illustrate the electric and magnetic fields, respectively, at three
different distances, 500 m, 5 km, and 100 km from the lightning
channel base calculated using the AT, ATIL-F, and ATIL-V
models. The fields are computed using the equations employed
in [16] (see, for example, [4, eqs. (6) and (7)]).
At r = 500 m, after 10 µs, all three examined models predict similar magnetic field waveforms. The ATIL-F model predicts a higher initial peak of the magnetic field than the other
two models, since the current in the lower parts of the channel for the ATIL-F is greater than for the other two models
(see Fig. 4). On the other hand, the time of the magnetic field
peak for the AT model is greater than those for the AILT-F and
ATIL-V models. At r = 500 m, predicted electric fields prior
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dicts a smaller overall electric or magnetic field value, a steeper
falling slope after the initial peak, and a higher rising slope than
the other two models, which is more consistent with the typical
waveforms measured at 5 km [31]. This is because of a higher
propagation speed in the lower sections of the lightning channel
(causes a steeper falling slope) and a lower speed in higher parts
of the channel (results in a higher rising slope) in the ATIL-V
model.
At 100 km, the electric and magnetic field wave shapes are
similar. At this distance, the ATIL-V predicts lower fields than
the other two models. This is due to a lower propagation speed
in the upper part of the lightning channel that causes a greater
delay in illuminating higher parts of the channel [compare the
current at 2500 m at 20 µs in Fig. 4(a)–(c)]. During the initial
13 µs or so, the ATIL-F and the AT models exhibit fairly similar behavior in predicting far electromagnetic fields, while the
ATIL-V model predicts a lower peak and a steeper falling slope
after the peak. Due to a lower propagation speed in the upper
part of the channel, the final falling slope for the ATIL-V is less
than that for the other two models considered. None of the three
models considered here can predict zero crossing within about
50–60 µs, as typically seen in most waveforms measured at this
distance.
V. SUMMARY

Fig. 7. Horizontal component of magnetic field calculated at different distances from the lightning channel with the parameters defined in Section IV-B
for the AT, ATIL-F, and ATIL-V models. (a) r = 500 m. (b) r = 5 km. (c) r =
100 km.

to 1 µs for both ATIL-F and ATIL-V models are nearly identical, which suggests that the variation of propagation speed
cannot alter the electric field waveform at close distances during the first microsecond or so. The AT model predicts the
lowest electric field, while its rising slope after 5 µs is similar to that for the ATIL-F model. Due to higher propagation
speed in the lower part of the channel for the ATIL-F model,
after 1 µs, this model predicts the steepest electric field slope as
well as a greater final field value. The AT model and both versions of the ATIL model do not show the magnetic field hump
at 50 µs that can be seen in typical measured waveforms of
[31].
The electric and magnetic fields at 5 km are more or less
similar for all the models considered. The ATIL-V model pre-

In this paper, a modification of the AT model of the lightning
return stroke is introduced. In the proposed model, the lightning
channel is represented by a lossy vertical monopole antenna
above a perfectly conducting ground loaded by a set of constant
(ATIL-F) or height-variable (ATIL-V) distributed inductances,
fed at its lower end by a voltage source. The spatial and temporal
distribution of the current along the channel is obtained by solving EFIE with the suitable boundary conditions, using the MoMs
in the time domain. The ATIL-V model allows one to have more
control of the variation of propagation speed along the channel
and also of the current distribution and resultant electromagnetic
field waveforms without artificially changing the relative permittivity of the surrounding medium, as done in the original AT
model. The ATIL-F and ATIL-V models are compared to other
frequency-domain and time-domain electromagnetic models in
terms of the current distribution along the channel and remote
electromagnetic fields. The current dispersion predicted by both
the ATIL-F and ATIL-V models is more consistent (relative to
the original AT model) with optical observations of lightning. It
is shown that the adjusting relative permittivity of the surrounding medium, as done in the AT model, does not affect current
dispersion along the channel, while in both versions of the ATIL
model, the current dispersion increases with increasing propagation speed. The validity of lightning return-stroke models is
most conveniently tested by comparing model-predicted remote
fields with typically measured ones. Our subjective assessment
of agreement of salient features of the models considered in
this paper and model-predicted fields with optical observations
of lightning (speed profile and light pulse dispersion which is
used as a proxy for current pulse dispersion) and typical field
measurements [31], respectively, is presented in Table I. Since
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TABLE I
CONSISTENCY OF MODEL PREDICTIONS WITH MEASUREMENTS

Fig. 8. Two-wire TL with varying opening angle (0 < θ < 90◦ ), used to
illustrate the relation between the current dispersion and different propagation
speeds for the antenna and TL current modes. The TL is uniform for θ = 0 and
nonuniform for θ > 0.

the concept of inductive loading in the frequency-domain model
of Baba and Ishii [24] and in the ATIL-F model is essentially
the same, predictions of these two models are generally similar.
Overall, the ATIL-V model provides a better representation of
the lightning return stroke in terms of predicted currents and
electromagnetic fields. The proposed model is a step forward to
finding a method to reduce the speed of current waves propagating on a vertical conductor in air, such that the evolution of
wave shape is consistent with optical observations of lightning.

APPENDIX A
PROPAGATION SPEED FOR A NONUNIFORM TRANSMISSION LINE
In order to illustrate the effect of the difference in speeds of the
antenna-mode and TL-mode currents on the observed current
dispersion, we consider a two-wire TL with varying angle between the wires, as shown in Fig. 8. The opening angle θ varies
from 0◦ (horizontal wire and its image or parallel wire TL) to
90◦ (vertical monopole and its image or dipole). The length of
each wire is 4.5 km and the separation between the two wires at
the source end is 30 m. Current waveforms on one of the wires
2 km from the source for different values of the opening angle are calculated using the same numerical method as in the
ATIL-F model. Results for two cases, Ladd = 0, R = 0.07 Ω/m
and Ladd = 6.75 × 10−6 H/m, R = 0.4 Ω/m are shown in Fig. 9.
As seen in Fig. 9(a), due to equal propagation speeds for both
TL-mode and antenna-mode components for the case of Ladd =
0, the dispersion for different opening angles is essentially the
same. For the inductively loaded parallel wire TL (θ = 0), the
antenna-mode component is negligible [28], [32], and hence,
the amount of dispersion is low [Fig. 9(b)]. On the other hand,
for θ > 2◦ dispersion increases significantly with increasing the
opening angle. For the inductively loaded vertical monopole
and its image (θ = 90◦ ), which is the same configuration as
that used in the ATIL model, the antenna-mode current is appreciable and, as a result, considerable dispersion is observed.
Although the distributed resistance is different for the two cases
under consideration (for reasons discussed in Section IV-B1),
simulations show that for R < 0.5 Ω/m, the effect of distributed
resistance (compared to distributed inductance) on dispersion
and propagation speed is negligible. Detailed discussion of the

Fig. 9. Effect of opening angle θ on dispersion and propagation speed of
current pulses on two-wire TL shown in Fig. 8 for (a) L a d d = 0 (no inductive
loading), R = 0.07 Ω/m and (b) L a d d = 6.75 × 10−6 H/m, R = 0.4 Ω/m.
Current waveforms are shown for a distance of 2 km from the source.

effect of R on the dispersion and propagation speed is outside
the scope of this paper.
The aforementioned approach can be used to explain the relatively small dispersion in the AT model. In this model, the propagation speed for the antenna-mode current is equal to 1.3 ×
108 m/s, because the relative permittivity of medium is set to
5.3. The propagation speed for the TL-mode current component
is slightly less than 1.3 × 108 m/s due to the effect of resistive
loading. Since the difference between the speeds of these two
current components is insignificant, relatively small dispersion
is observed.
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Fig. 10. Illustration of the current dispersion as a function of propagation speed
for the AT and ATIL-F models. Current versus time waveforms are computed
at z = 2 km for three different values of speed, 3 × 108 , 2 × 108 , and 1 ×
108 m/s, which were achieved by adjusting εr in the AT model and L a d d in the
ATIL-F model. Resistive loading was 0.07 and 0.4 Ω/m for the AT and ATIL-F
models, respectively.

The effect of propagation speed on current dispersion is
additionally examined using the speed adjustment methods
implemented in the AT (higher permittivity medium) and
ATIL-F (inductive loading) models. Fig. 10 shows current in
the channel at a distance of 2 km from the channel base. In
order to achieve v = 3 × 108 , 2 × 108 , and 1 × 108 m/s in the
AT model, we set εr = 1, 2.25, and 9, respectively, and in
the ATIL-F model, we use Ladd = 0, 2.1 × 10−6 , and 14.5 ×
10−6 H/m, respectively. The AT model predicts relatively small
current dispersion for all three propagation speed, while in the
ATIL-F model, dispersion decreases appreciably with increasing propagation speed.
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