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Abstract

Although, due to the high variability of key parameters such as the return-stroke speed, it is

impossible to determine the lightning current accurately from the remotely measured electric

or magnetic field for a given event, we show in this paper that, for an assumed return-stroke

model, the statistical estimation (e.g. in terms of mean values and standard deviations) is

possible. We show additionally that for the transmission line (TL) model, the equation

permitting to infer the mean value of the return-stroke current from the mean value of electric

or magnetic field and the mean value of speed has the same functional form as the well-known

TL current—far field relationship. This result gives to some extent a theoretical justification to

the use of lightning location systems to infer parameters of lightning current statistical

distributions from measured fields alone.

r 2004 Elsevier B.V. All rights reserved.
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1. Introduction

The problem of the estimation of lightning return-stroke currents from distant
electromagnetic field measurements has received an increased attention due to the
widespread use of lightning location systems (LLS). Due to the enormous amount of
data that can be gathered by means of LLS, such systems represent a promising
source of experimental data to be used for the development of standards related to
the protection of power and telecommunication systems against lightning.
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Estimates of lightning peak currents from measured lightning electromagnetic
fields are obtained by way of empirical [1–3] or theoretical [4] equations relating the
electromagnetic field to the lightning current.

There is, however, an inherent difficulty in extracting lightning current parameters
from LLS-measured electromagnetic fields since unknown parameters—such as the
return-stroke speed—along with possible current reflections (in the case of strikes to
a tall object) within the strike object affect the lightning current inferred from distant
electromagnetic fields [5,6]. Various approaches to the estimation of parameters of
peak current distributions from parameters of measured peak field distributions are
discussed in [3].

In this paper, we present the theoretical basis for the statistical estimation of the
lightning current from distant field measurements.

2. Estimation of lightning current from distant electromagnetic field

2.1. Deterministic approach

Expressions relating far electromagnetic fields and associated return-stroke
currents at the channel base have been derived in the literature for various
lightning return-stroke models [4]. The use of such relations permits the
estimation of channel base currents of return-strokes, and the estimation of
not-directly measurable parameters of the models [4]. Appendix A summarizes
the equations relating far electric fields to channel base currents according to
various return-stroke models. It can be seen that all these equations involve a
certain number of parameters, in particular the return-stroke speed v; which, in
most practical cases, are unknown. In other words, to infer the lightning
current from its associated distant electric or magnetic field, one has to assume the
value for the return-stroke speed. This speed changes, however, from one stroke to
another and, as a result, exhibits significant statistical variation (e.g. [2,7,8]). It
follows from the far-field-channel base current relations that an error in the
estimation of return-stroke speed would result in practically the same amount of
error in the inferred channel-base current (see also [9]). In fact, distant electric and
magnetic field peaks are determined as much by return-stroke speeds as they are by
return-stroke current peaks.

2.2. Statistical approach

We will consider the return-stroke current peak I ; the return-stroke speed v;
and the distant electric field peak E as random variables and we will assume
that the spatial–temporal distribution of the lightning current along the channel
is as predicted by the transmission line (TL) model [10]. The TL model has
been adopted here only for its simplicity and its ability to reproduce electro-
magnetic field peaks with reasonable accuracy, as shown in Ref. [1,11]. However, it
should be emphasized that the developments presented in the present paper
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are also applicable to other, more complex return-stroke models (see, for
example, [12]).

According to the TL model, the current peak is related to the far-field peak and to
the return-stroke speed (assuming that v=const,1 the ground is perfectly conducting,
and the return-stroke front has not reached the top of the channel) through the
following expressions [13]:

E ¼
v

2peoc2r
I ; ð1Þ

I ¼ 2peoc2r
E

v
; ð2Þ

where r is the horizontal distance between the lightning channel and the observation
point, and c is the speed of light. Note that the usual minus sign does not appear in
Eq. (1) because we are interested in magnitudes only.

If the probability density functions (PDF) associated with the random variables E

and v are known, then it is possible to obtain the PDF associated with the current I :
In general, given the random variables x; y; and z ¼ gðx; yÞ; the PDF of z can be
expressed in terms of PDFs of x and y [14]:

f ðzÞ ¼
Z

N

�N

f ðg�1ðz; yÞ; yÞ
@g�1ðz; yÞ

@z

����
���� dy

¼
Z

N

�N

f ðx; g�1ðx; zÞÞ
@g�1ðx; zÞ

@z

����
���� dx: ð3Þ

In many practical cases, however, the exact PDFs of the involved random
variables are unknown. In those cases, it is still possible to obtain estimates
of the expectation and dispersion of z; starting from those of x and y:
Indeed, expanding the function g in a series about the point ðZx; ZyÞ; where Zx; Zy

are the mean values of x and y; respectively, the mean value and variance of z can be
estimated as [14]

ZzDgðZx; ZyÞ þ
1

2

@2gðZx; ZyÞ
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@y

� �2

s2y; ð5Þ

where sx;sy;sz are the standard deviations of x; y and z; respectively, and rxy is the
correlation coefficient between x and y; given by

rxy ¼
Zxy � ZxZy

sxsy

: ð6Þ
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1The return-stroke speed varies in general along the return-stroke channel. Since we are considering

early times during which current and field peaks occur, the value of the return-stroke speed corresponds to

its value at the bottom of the channel (below 500 m or so). Most of the measured return-stroke speeds

found in the literature are averaged over some lowest hundreds of meters.
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Applying Eqs. (4) and (5) to Eq. (1), and after straightforward mathematical
manipulations, we obtain

ZED
1

2peoc2r
ZvZI þ

1

2peoc2r
rvIsvsI ð7Þ

and

s2ED
1

2peoc2r
ZI

� �2

s2v þ
1

2peoc2r
Zv

� �2

s2I þ
1

peoc2r

1

2peoc2r
ZIZvrvIsIsv: ð8Þ

Neglecting any correlation between current peak and return-stroke speed (see [23]
for a discussion of this issue), Eqs. (7) and (8) become, respectively

ZED
1

2peoc2r
ZvZI ; ð9Þ

s2ED
1

2peoc2r
ZI

� �2

s2v þ
1

2peoc2r
Zv

� �2

s2I : ð10Þ

It is interesting to observe that Eq. (9) has the same mathematical form as Eq. (1),
where the values for E; v; and I are simply replaced by the respective mean values ZE ;
Zv; and ZI : This result gives to some extent a theoretical justification to the use of
LLS to infer statistical parameters of the lightning current from measured fields
alone. In other words, although it seems impossible to obtain a reasonably accurate
estimate of the return-stroke current from distant field measurements for a single
event without prior knowledge of the return-stroke speed, this could be done
statistically, in terms of mean value and standard deviation, using field measure-
ments acquired by LLS, provided that statistical data for the return-stroke speed are
available from independent measurements and are not varying much within the area
covered by the LLS.

3. Comparison with experimental data

In order to test the validity of the derived equations, we will use simultaneous
measurements of return-stroke current, electric field at 5 km; and return-stroke speed
associated with triggered lightning return-strokes and reported by Willett et al. in
Ref. [1]. Table 1 summarizes values for return-stroke current peak, electric field
(essentially radiation) peak at 5 km; and photographically measured two-dimen-
sional return-stroke speed for 17 events. The corresponding mean values, standard
deviations, and correlation coefficients are given in Table 2.

Let us assume that the channel-base current is unknown. Inserting statistical
parameters associated with field and return-stroke speed into Eqs. (7) and (8), the
following values can be calculated for the return-stroke current:

ZI ¼ 18:5 kA and sI ¼ 7:0 kA

which are in very good agreement with values (see Table 2) determined from
measurements presented in Table 1.
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Similarly, starting from statistical parameters for current and return-stroke speed,
one can obtain from Eqs. (7) and (8) the following values for the electric field:

ZE ¼ 113:4 V=m and sE ¼ 57:5 V=m

which, again, are in excellent agreement with the values in Table 2 determined from
data presented in Table 1.

Note that, since the correlation coefficients rIv and rEv are very small, the
use of Eqs. (9) and (10) instead of the more general equations (7) and (8)
does not introduce significant errors. This is an important observation since it
suggests that no knowledge (usually unavailable) of the correlation coefficients is
necessary.
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Table 1

Simultaneous measurements of channel-base current peak, electric field peak at 5 km; and return-stroke

speed associated with 17 rocket-triggered lightning return-strokes (adapted from Willett et al. [1])

Flash/stroke I (kA) E at 5 km (V/m) v2-D ð108 m=sÞ

8705/1 8.2 76 1.8

8705/3 7.7 64 1.6

8705/5 10.3 80 1.7

8705/6 11.6 84 1.9

8715/9 33 206 1.4

8715/10 15.6 88 1.4

8725/1 20.3 109 1.6

8725/2 16.7 84 1.5

8725/3 43 196 1.7

8725/5 11.7 60 1.4

8726/2 26.9 174 1.2

8726/3 16.4 95 1.4

8726/4 22.4 143 1.4

8728/10 26.9 144 1.4

8728/11 16.1 88 1.4

8732/1 18.0 126 1.5

8732/2 16.8 97 1.6

Table 2

Statistical parameters for the data presented in Table 1

Parameter I (kA) v2-D ð108 m=sÞ E (V/m)

Min. value 7.7 1.2 60

Max. value 43 1.9 206

Mean value 18.9 1.5 112.6

Standard deviation 9.3 0.18 45.1

rIv 0.0144

rEv 0.0268
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The theory presented in this paper is best suited for parameters that are described
by normal distributions. On the other hand, the peak current and peak field are
known to be characterized by log-normal distributions. Work is in progress to develop
specific expressions assuming log-normal distributions for current and field [3].

4. Summary

The estimation of lightning return-stroke currents from distant electromagnetic
field measurements is an important problem that has received an increased attention
due to the growing use of lightning location systems. However, the high variability of
key parameters, such as the return-stroke speed, makes it impossible to obtain a
reasonably accurate estimate of lightning current from the distant field measurement
for an individual event. We show in this paper that the statistical estimation (e.g. in
terms of mean values and standard deviations) is possible. We show additionally that
for the transmission line (TL) model, the equation permitting to infer the mean value
of the return-stroke current from the mean values of field and speed has the same
functional form as the well-known TL current–far field relationship. This result
gives, to some extent, a theoretical justification to the use of LLS to infer statistical
parameters of lightning current from measured fields alone, assuming that the
return-stroke speed does not vary much within the area covered by the LLS.
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Appendix A. Equations relating far electric field to channel-base current according to

various engineering return-stroke models

BG (Bruce and Golde) model:
Spatial–temporal distribution [15],

iðz0; tÞ ¼
ið0; tÞ; z0pvt;

0; z0 > vt:

(
ðA:1Þ

Far electric field–channel-base current link [16]

ið0; tÞ ¼ �
2peoc2r

vt

Z t

0

Efar
z ðr; tþ r=cÞ dt: ðA:2Þ
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TL (transmission line) model:
Spatial–temporal distribution [10]

iðz0; tÞ ¼
ið0; t � z0=vÞ; z0pvt;

0; z0 > vt:

(
ðA:3Þ

Far electric field–channel-base current link [13]

ið0; tÞ ¼ �
2peoc2r

v
Efar

z ðr; t þ r=cÞ: ðA:4Þ

TCS (traveling current source) model:
Spatial–temporal distribution [17]

iðz0; tÞ ¼
ið0; t þ z0=vÞ; z0pvt;

0; z0 > vt:

(
ðA:5Þ

Far electric field–channel-base current link [18]

Efar
z ðr; t þ r=cÞ ¼ �

1

2peocr
½k ið0; ktÞ � ið0; tÞ�; ðA:6Þ

where k ¼ ð1þ v=cÞ:
MTLL (modified transmission line, linear current decay with height) model:

Spatial–temporal distribution [9]

iðz0; tÞ ¼
1�

z0

H

� �
ið0; t � z0=vÞ; z0pvt;

0; z0 > vt;

8><
>: ðA:7Þ

where H is the height of the lightning channel.
After mathematical developments similar to those for MTLE model in Ref. [19],

the following expression relating far electric field to the channel-base current can be
derived for MTLL model [20]:

dEfar
z ðr; tÞ
dt

¼ �
v

2peoc2r

diðt � r=cÞ
dt

�
v

H
iðt � r=cÞ

� 
: ðA:8Þ

MTLE (modified transmission line, exponential current decay with height) model:
Spatial–temporal distribution [21]

iðz0; tÞ ¼
expð�z0=lÞ ið0; t � z0=vÞ; z0pvt;

0; z0 > vt:

(
ðA:9Þ

Far electric field–channel-base current link [19]

dið0; tÞ
dt

¼ � 2peoc2r
Efar

z ðr; t þ r=cÞ
l

þ
1

v

dEfar
z ðr; t þ r=cÞ

dt

� 
to

H

v
þ

r

c
: ðA:10Þ
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DU (Diendorfer–Uman) model:
Spatial–temporal distribution [22]

iðz0; tÞ ¼ ið0; t þ z0=cÞ � i 0;
z0

v
þ

z0

c

� �
exp � t �

z0

v

� �
=tD

� 
: ðA:11Þ

Far electric field–channel-base current link [19]

Efar
z ðr; t þ r=cÞ þ tD

dEfar
z ðr; t þ r=cÞ

dt

¼ �
1

2peocr
k ið0; ktÞ � ið0; tÞ þ tD

d

dt
½ið0; ktÞ � ið0; tÞ�

� �
: ðA:12Þ
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