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Abstract

A channel base current model of the current generation (CG) type is introduced to describe
both negative and positive first return strokes. The key feature of the model is the association
of the slow front of the channel base current waveform with the upward connecting leader.
This feature is mathematically represented by a discharge propagation speed profile, which is
characterized by an initial exponential increase with increasing height. It is shown that the
previous models of the CG type may be incapable of reproducing adequately the observed
electromagnetic fields when the channel base current contains a slow front.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Researchers use various concepts to model lightning return strokes. In one type of
models, the current propagation (CP) models (also termed transmission line type
models), the return stroke channel acts as a guiding structure for the current wave
propagation, with the source being located at the ground [1-3]. In another type, the
current generation (CG) models (also referred to as travelling current source type
models), the release of the leader charge by the upward propagating return stroke
front gives rise to the return stroke current [4,5,6,7,31,36]. Sometimes, most of the
models in the CP and CG categories treat the channel base current as an input
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parameter. These models are sometimes called models with specified channel base
current or simply channel base current models.

In developing a mathematical model to describe first return strokes it is necessary
to take into account the attachment process that involves connecting leaders.
Several researchers included an upward connecting leader in their lightning models
[8-11,28-30]. According to Gorin’s first-stroke model [9], which belongs to the
distributed circuit model category, the return stroke speed initially increases to its
maximum and thereafter decreases. The initial speed increase is associated with the
‘final jump’ thought to be responsible for the formation of the initial rising portion of
the return stroke current pulse (see also Rakov and Dulzon [3]).

In the present paper a new CG model in which the connecting leader is an integral
part of the model is introduced. This model allows one to overcome some limitations
of previous CG models.

2. Assumptions

(a) The channel base (ground-level) current is known.

(b) The charge per unit length, p,, of the descending leader is independent of height
(the model can readily accommodate any other charge density profile).

(c) The slow front of the channel-base current waveform is produced by the upward
connecting leader as it moves through the streamer zone of the downward
extending leader. The connecting leader is launched when the streamer zone of
the descending leader touches the ground. Any further extension of the
descending leader channel is neglected. The connecting leader tip moves upward
with an exponentially increasing speed until it makes contact with the
descending leader channel.

(d) The velocity of the return stroke above the contact point decreases exponentially
with height.

(e) The current injected into the channel at a given point on the channel, as it is
passed by the upward connecting leader front (below the contact point) or by the
return-stroke front (above the contact point) decays exponentially with time.

(f) The source of current is the radial corona surrounding the descending leader
core above the contact point and the streamer zone between the leader tip and
the ground below the contact point.

(g) The injected current propagates downward at the speed of light, and the current
reflection coefficient at the ground is equal to zero.

3. Mathematical representation

Based on the above assumptions one can develop the necessary equations as
follows. The speed of the upward connecting leader is given by

ve(2) = vo exp(z/c), ()
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where v, is the initial speed of the connecting leader at z = 0 and A is a constant. The
final speed of the connecting leader at z = [, is

ve(le) = vo eXp(lc//lc), 2

where /. is the length of the connecting leader. The return stroke starts at z = [,
that is, from the contact (junction) point between the upward connecting leader
and the descending leader. Thus, vc(/.) = v;, the initial speed of the return stroke
at z = [..

Since the model belongs to the CG class of models, one can show that the duration
of the slow front in the channel-base current waveform, f;, and the length of the
connecting leader, /., are related by the equation

tr = [Ae(1 — exp(_lc//lc))/vo] + ZC/C, 3)

where ¢ is the speed of light in free space. Note that Eq. (3) is based on the fact
that the time #; is equal to the time necessary for the upward connecting leader
to travel the distance [ plus the time necessary for the current to travel the
distance /. to ground. Egs. (1)—~(3) can be solved to obtain v, and . if [ is
known. The value of [, the length of the connecting leader, assumed to be equal
to the extension of the streamer zone of the downward-moving leader, can be
calculated for any leader charge distribution by assuming that at the final
jump the average potential gradient between the downward-moving leader tip
and the ground is about 5-6 x 10° V/m. The average potential gradient in the gap
can be calculated from the known charge distribution on the leader channel,
taking into account its image in the ground. This calculation requires the
radius of the leader channel. The radius of the leader channel is obtained
here by assuming that the electric field at the outer boundary of the leader channel
is equal to 3.0 x 10° V/m, the breakdown electric field in air at sea level. Since the
velocity of the return stroke is assumed to decrease exponentially with height above
z = [, one can write

v = v exp(—(z — )/ ), “4)

where A, is the decay height constant for the return stroke speed (z=1.).
The current per unit length injected into the channel at a given height z can be
represented by [6,7]

Iz, 1) = L (2)[e "), (5)

where 1(z) is the discharge time constant, which is a function of height, and hence the
duration of the injected current. This can be expressed as

~ Po —t/7(2)
I (Za Z‘) - —[e ]9 (6)
‘ [x(2)]
where p, is the charge per unit length (assumed to be constant and the same
both above and below z =1) of the descending leader. Note that in deriving
Eq. (6) we have used the fact that p, is equal to the time integral (from 0 to o0)



100 V. Cooray et al. | Journal of Electrostatics 60 (2004) 97-109

of the injected current. Once the velocity of the upward extending discharges
(both the connecting leader and the return stroke) and the channel base
current are known, the function t(z) can be readily estimated [6]. Note
that in deriving these equations it is assumed that the corona current exists
from z = 0 and upwards whereas the hot leader tip is located at a height of /. from
ground level. The source of the corona current for z less than [ is the
charge deposited by the negative streamers in front of the hot stepped leader tip.
It is also of importance to note that in the model it is assumed that the linear
charge density is constant from z=0 and upwards. In reality, the charge
density in the streamer region may be less than that of the corona sheath. A better
approximation would be to assume that the charge density increases linearly
upwards reaching its maximum value at z =/, and then remains at that value
along the channel. However, in the absence of information concerning the charge
density in the streamer region, in the model it is assumed to be equal to that of the
corona sheath.

Overall, the upward connecting leader in our model can be viewed as the initial
stage of the return stroke occurring below z = [, and the propagation speed given by
Eq. (1) can be interpreted as the return-stroke speed during this initial stage.
Afterwards, the return-stroke speed is given by Eq. (4).

4. Input parameters: negative first strokes

On the basis of the available data on the charge distribution along the
stepped leader channel, p, = 0.001 C/m was used to represent negative first
strokes [12]. The influence of this assumption on the model-predicted results is
outside the scope of this paper. For the assumed charge density the estimated value
of [, is about 70 m. According to [13], the first return stroke speed averaged over
channel lengths of some hundreds of meters is about 1.7 x 10% m/s with a standard
deviation of 0.7 x 10® m/s. In the calculations presented in this paper it was assumed
that v; = 2.0 x 10 m/s. This value together with the value of I fix v, at 4.0 x
10% m/s, which is higher than measured speeds of upward connecting leaders of the
order of 10° m/s [14]. However, these measured speeds are for a 200-m high object
for which an upward connecting leader is expected to be initiated long before
the streamer zone of the descending leader touches the object top [15]. In our model,
the upward connecting leader develops entirely inside the streamer zone of the
descending leader, so that the connecting leader speed may be considerably
higher than for the case of upward leaders that are launched by tall objects and are
developing in the virgin air. The value of 4, was assumed to be 1500 m. The
resultant average first return stroke velocity over the first kilometre of the channel is
1.4 x 108 m/s [13]. With these parameters the injected current per unit length as a
function of height can be evaluated from Eq. (6). The procedure is described in [6].
The channel-base current waveform used as an input to the model is specified in
Section 5 below.
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5. Channel base current: negative first strokes

A waveform that can represent the channel-base current of a typical first return
strokes can be described analytically using the following expression:

I(t) = {11 155/(% + L[1.0 — exp{—t/1 }3]}

x {aexp(—1/12) + bexp(—t/t3)} ()

with I} =78 x10°A, L =325x100A, n=100, 7,=50x10"%s, 1,=
4.0 % 107%s, 73 = 100.0 x 10~¢ s, a = 0.2 and b = 0.8. The current has a slow front,
tr, of about 5 us and a 10-90% rise time of 4.5 us. The charge associated with this
current waveform is 3.0 C and the action integral is 4.5 x 10* A”s. These values are
not much different from the corresponding median values measured for negative first
return strokes [16]. The maximum derivative of the current waveform is 37 kA /s,
which is slightly higher than the median value, 24 kA /us, for negative first strokes
[16], but provides a better agreement between model-predicted and measured peak
electric field derivatives at 100 km (see Section 6). If we had used a channel base
current with a maximum derivative of 24 kA/us [16], the peak radiation field
derivative would have decreased to about 23 V/m/us, somewhat smaller than the
typical values obtained from measurements.

6. Model predictions: negative first strokes

Once the injected current per unit length as a function of height, the return stroke
speed, and the channel base current are given, one can obtain the temporal variation
of the return stroke current as a function of height along the channel [5,6]. This in
turn can be used to obtain the electric and magnetic fields at any point in space. The
model predicts that the peak return stroke current decreases and current rise time
increases with height. This prediction is in agreement with the inferences made from
optical observations. Fig. la shows how the peak current derivative varies with
height. Note that the current derivative increases initially, reaches a peak around
70 m and decreases rapidly with further increase in height. Fig. 1b shows the time at
which the peak current derivative occurs as a function of height. Note that the
maximum derivative first occurs not at ground level but at the junction point
between the upward connecting leader and the descending stepped leader. The
current derivative reaches a peak at later times at points located below and above
this junction point. This shows that establishing a contact between the upward
connecting leader and the descending leader gives rise to two current waveforms, one
travelling towards the cloud and the other travelling towards the ground. This is one
of the important predictions of the model.

Fig. 2 shows the electric and magnetic fields at two distances from the lightning
channel computed using the proposed model. These field signatures compare well
with the available experimental data [17,18]. The peak derivative of the electric field
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Fig. 1. (a) Variation of the peak current derivative as a function of height along the channel. (b) The time
(measured from the beginning of the return stroke) at which the peak of the current derivative occurs as a
function of height along the channel. Note that this represents two fast current waveforms originating at a
height of 70 m (the point of contact of the connecting leader and the descending stepped leader) and
travelling in opposite directions.
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Fig. 2. (a) Vertical electric field intensity and (b) the azimuthal magnetic flux density (actually ‘magnetic
flux density x ¢’ where ¢ is the speed of light in free space) at (1) 100 km and (2) 50 m from the negative
lightning channel. Curve (c) in the left plot is an expansion of curve (a) and shows the electric field on a ten
times faster time scale.

at 100 km predicted by the model is 34 V/m/us. This agrees with the typical values
obtained from measurements [19].

For comparison purposes, the electromagnetic fields predicted by the travelling
current source (TCS) [4] and the Diendorfer-Uman (DU) [5] models when the same
current waveform is used as an input are shown in Fig. 3. Since these latter models
do not take into account the connecting leader, the velocity profile given by Eq. (4)
with /., =0 was used in the calculations. In the DU model, one discharge time
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Fig. 3. Vertical electric fields at (1) 100 km, (2) 100 m and (3) 50 m as predicted by the TCS and DU
models. Curves a and b show the electric fields predicted by the TCS and DU models, respectively, for the
channel base current given by Eq. (7). Curves (c) and (d) show the respective field waveforms when the
TCS and DU models are modified to take into account the upward connecting leader, so that the overall
discharge speed profile is characterized by an exponential increase and then decrease with increasing
height.

constant equal to 0.5 us was used, but the conclusions to be drawn from the
calculations are not affected by this choice. There are two significant differences
between the predictions of the present model and those of the TCS and DU models.
First, the electric field is positive (atmospheric electricity sign convention) at 100 km,
bipolar at 100 m, and negative at 50 m for the DU model, and positive at 100 km
and negative at 100 and 50 m for the TCS model. Measured electric fields
within 100 m of first and subsequent return strokes, however, are positive [18,20].
Second, the electric field at 100 km exhibits an unusually large initial (radiation)
peak. The radiation field peaks at 100 km are 16.5 and 23 V/m for the DU and
TCS model, respectively. These values are considerably larger than measured
values of 5-10 V/m. Calculations suggest that these features are caused by the
presence of the slow front in the current waveform. As a result, the maximum
current derivative occurs near the current peak. If the slow front is removed, the
fields at 100 and 50 m become positive, and the radiation field peaks decrease to
typical values.

The reason for this apparently abnormal behaviour of the TCS and DU models
can be understood when one recalls that in CG models the channel base current is
the sum of currents generated by elementary current sources distributed along the
channel. Assume for the moment that the return stroke speed is constant. Any
sudden change in the channel base current at time 7 is a result of a sudden change
(either in amplitude or duration) at time ¢ — z/v of the injected current of channel
section at height z, where z = ¢/(1/v + 1/¢). When the channel base current used as
an input in the return stroke model contains a slow front of duration #,, which is
followed by a fast transition, the model will give rise to a rapid increase in the
injected current of channel segments located at height z and above, where z =
to/(1/v+ 1/c). This will lead to a fast current pulse that will propagate towards the
ground with the speed of light and reach the ground at ¢ = t,, causing the fast
transition in the channel base current. For slow fronts having durations observed in
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first return stroke current waveforms (about 5-10 ps) and for typical return
stroke speeds (about 1.0 x 108-2.0 x 10® m/s) the origin of the injected current
surge will be at heights of 4001200 m. The downward propagation of this fast
current front along many hundreds of meters of the return stroke channel will
lead to the exaggeration of the distant field peaks, and the resultant excess negative
charge near the bottom of the channel will lead to the change in polarity of the
close fields. Interestingly, Thottappill et al. [21] predicted that the TCS model and
the DU model would generate electric fields of abnormal polarity very close to
the channel due to the assumption that the current reflection coefficient at ground
level is equal to zero. This latter assumption is apparently responsible for the
inadequate rate of removal of charge from the bottom of the channel when the
injected current surge occurs. The expected value of the current reflection coefficient
at ground in a practical situation is near unity, which corresponds to nearly short-
circuit conditions and assures that no excess charge can be accumulated at the
bottom of the channel.

In the model presented here we associated the slow front in the channel base
current waveform with the upward connecting leader. This feature is mathematically
incorporated into the model as a modification of the velocity profile of the discharge.
Previously, Thottappillil and Uman [22] showed that a better agreement between the
initial peak of the calculated and measured radiation fields of a subsequent return
stroke for the case of a current waveform containing a slow front could be obtained
if the return stroke velocity was assumed to increase exponentially from a small value
to the experimentally measured value. However, in contrast to the present model,
they did not attempt to connect the velocity profile to the duration of the slow front
of the channel base current. Note that all the channel base current models of the CG
type have the velocity profile and charge distribution, or the velocity profile and the
discharge time constant profile as inputs. Therefore in any model of this type, the
only modification that is needed to introduce the connecting leader and hence to
utilize a channel base current with a slow front, is to change the velocity profile as
given in Eqgs. (1)—(4) (the authors do not rule out the possibility of finding a better
velocity profile for the connecting leader). The electric fields predicted by the TCS
and DU models after adjusting their velocity profiles are also shown in Fig. 3 (curves
¢ and d, respectively). Clearly, the electric fields predicted by the so modified TCS
and DU models do not show the peculiar features (too large initial field peaks at far
distances and the polarity reversal at close distances) that were present before this
adjustment was made.

7. Positive first strokes

Both electric field and direct current measurements indicate that the main
difference between the positive and negative return stroke currents is the presence of
a long current tail in the former. The electric field measurements indicate that the
first few tens of microseconds of the positive return stroke current is qualitatively
similar to that of the negative first strokes. After this initial stage the negative current
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continues to decay, whereas the positive current often starts to increase
again, reaches a second peak within about 100-300 us and decays within a few
milliseconds [24]. Cooray and Lundquist [33] and Cooray [24,32] suggested that this
second current enhancement is produced when the positive return stroke front
encounters a large source of positive charge, probably an extensively branched
and predominantly horizontal channel system in the cloud, as it extends (as a
positively charged leader) beyond the origin of the flash. Rakov [25] offered a
different explanation of millisecond-scale current waveforms associated with
positive lightning.

A current waveform representative of positive lightning can be described
analytically by the following equation:

I(t) = {11 % + L[1.0 — exp{—t/rl}3]}

x {aexp(—i/t) + bexp(—1/3)}

(t/74) B
* {13 1+ (t/14)° exl I/TS)} ©

with I; = 18.7 x 10° A, I, =78.0 x 10> A, n =100, 1, = 15.0 x 1075, 75 = 4.0 x
1070s,73=100.0 x 10°%s,a =02,h =08, I; = 69 x 10° A, 74 = 150 x 107° s and
75 = 480 x 107% 5. The slow front duration, #, of this current waveform is 21 ps
and the 10-90% rise time of this current waveform is 22 ps. This risetime is close to
the typical values measured for positive return strokes [16]. The peak value of
the assumed channel-base current waveform is 60 kA. This is larger than the
median positive peak current of 35 kA [16]. Our choice of a relatively large peak
current is based on the observation that, on average, the peak radiation fields of
positive strokes are two times larger than those of negative first strokes. Since
the speeds of positive return strokes do not differ significantly from those of
negatives [27], a likely explanation for this observation is a factor of two higher
median current for positives than for the negatives. The maximum derivative
of the assumed current waveform is 30 kA /us. This is considerably higher than
the observed median value of 2.4 kA /us for positives, but it will lead to model-
predicted electric field derivatives similar to those measured. The associated impulse
charge is 28 C which is close to the measured value for a 60 kA positive current.
Note that according to Rakov [25], Berger’s sample of 26 positive lightning
strokes presented in [16] is a mix of two different types of lightning events. This can,
at least in part, explain the apparent inconsistencies in the assumed parameters of
positive strokes.

The assumed velocity profile used in calculating electromagnetic fields is similar to
that used earlier for negative return strokes. Since the assumed peak current is twice
that for negatives, the value of p, for positive strokes is assumed to be 0.002 C/m.
This charge density results in a connecting leader length of 130 m (neglecting the
polarity effect) which is larger than the upward connecting leader length obtained for
negative strokes. Note that Berger observed upward connecting leaders in positive
lightning up to 1-2 km in length. The electromagnetic fields predicted by the model
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Fig. 4. (a) Vertical electric field intensity and (b) azimuthal magnetic flux density (actually ‘magnetic flux
density x5¢” where ¢ is the speed of light in free space) at (1) 100 km and (2) 100 m from the positive
lightning channel. Curve (c) in the left plot is an expansion of curve (a) and shows the electric field intensity
on a ten times faster time scale.

at two distances are shown in Fig. 4. The long slow front and the slow tail in the
radiation field waveforms at 100 km are consistent with observations. The peak
radiation field and the peak radiation field derivative at 100 km are about 12 V/m
and 25 V/m/ps, respectively. These values agree with the typical values observed for
positive strokes [26].

8. Concluding remarks

In the analysis presented here it is assumed that the upward connecting leader
from the time of its inception develops entirely within the streamer zone of the
descending leader. This may be true in the case of lightning strikes to flat ground, in
which the streamer zone may touch the ground before the initiation of the upward
connecting leader, as is the case for long sparks in rod-plane gaps. However, in the
case of lightning strikes to tall towers, the connecting leader is likely to develop
before the streamer zone touches the top of the tower [15].

Rakov and Uman [35] give the following description of the processes involved in
the lightning attachment to a grounded object. The process by which the extending
plasma channels of the upward and downward leaders make contact is called the
break-through phase or final jump. This process begins when the relatively low
conductivity streamer zones ahead of the two propagating leader tips meet to form a
common streamer zone. The subsequent accelerated extension of the two relatively
high conductivity plasma channels toward each other takes place inside the common
streamer zone. The break-through phase can be viewed as a switch-closing operation
that serves to launch two return-stroke waves from the point of junction between the
two plasma channels. One wave moves downward, toward the ground, and the other
upward, toward the cloud. The downward-moving return-stroke wave quickly
reaches the ground, and the resultant upward reflected wave from ground catches up
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with the upward-moving return-stroke wave from the junction point. The reflected
wave from the ground propagates in the return-stroke-conditioned channel and,
hence, is likely to move faster than the upward wave from the junction point that
propagates along the leader-conditioned channel. When the waves bouncing between
the ends of the growing return-stroke channel decay, a single upward-moving wave is
formed. Thus, the lightning attachment process involves two plasma channels
growing toward each other, initially in air (the upward connecting leader phase) and
then inside the streamer zone (the break-through phase). It is a matter of definition
whether the very short-lived bidirectional return-stroke wave should be considered a
part of the attachment process or a part of the return stroke. A number of the
described features of the attachment process are neglected in the model presented
here. However, this model is clearly a step forward in modelling first strokes
terminating on flat ground.

Weidman and Krider [23] considered the possibility that the slow front in
radiation field waveforms is due to an upward connecting discharge. They estimated
that such a discharge would appear to have a length in excess of 100 m and a peak
current of the order of 10 kA or more. Currents in the kiloampere range associated
with unconnected upward discharges from a tall object were reported by Mazur and
Ruhnke [34]. On the other hand, current measurements for upward connecting
leaders in flashes initiated from tall towers are typically of the order of 100 A [35].
More data are needed to resolve this apparent discrepancy.

The proposed lightning return stroke model of the CG type includes an upward
connecting leader and is suitable for both negative and positive first return strokes.
The new model allows one to overcome some limitations of previous CG models,
such as the TCS and DU models.
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